Bose-Einstein condensation

 |deal Bose gas

* Weakly interacting homogenous Bose gas
e Inhomogeneous Bose gas

o Superfluid hydrodynamics



ldeal BEC

See thermodynamics textbooks



To remember:

(1) Whether BEC occurs or not depends on density of states:
Power law, depends on dimension and confinement

(2) Even for interacting BEC, normal component is described as
Ideal gas
TC
Condensate fraction



The shadow of a cloud of bosons
as the temperature is decreased

(Ballistic expansion for a fixed time-of-flight)

1469 kHz

Temperature Is linearly related to the rf frequency
which controls the evaporation




BEC @ JILA, June ‘95
(Rubidium)




Optical phase
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Homogeneous BEC
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Propagation of sound



Excitation of sound
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Excitation of sound
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Excitation of sound
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Sound = propagating density perturbations

Laser beam
—

—

T

1.3 ms per frame
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Quantum depletion
or
How to observe the transition from a
guantum gas to a quantum liquid

In 1D: Zlrich

K. Xu, Y. Liu, D.E. Miller, J.K. Chin, W. Setiawan, W.K., PRL 96, 180405 (2006).



What is the wavefunction of a condensate?

|deal gas:
N
¥ =(|a=0))
Interacting gas: H' =U,6(r)

r T AT
H'=U,» a’a a,a, H'=Uya,3, Y ata’

¥=(la=0))" +a(la=0))""|a=p)|a=-p)+..

Quantum depletion



Quantum depletion in 3-dimensional free space
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Quantum Depletion

o T(p)+p—+/T(p)+ 2uT (p)

’ 2y/T%(p) + 2uT (p)
Free space Lattice
A
2 . 9 L
_ b 4.J sin“(——
T(p) = o7 S
b= 47‘;2,2@” = Mc2 nol

J :tunneling rate
[/ :on-site interaction



As one increases the depth of the optical lattice, the
guantum depletion is dramatically increased

Finally, the condensate fraction becomes zero - a
guantum phase transition to an insulator is taking place.



Dispersion relation
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Laser light Condensate

Optical stimulation

dynamic structure factor

$ ﬁ S(Q,v)
]




VOLUME 88, NUMBER 12 PHYSICAL REVIEW LETTERS 25 MARCH 2002

Excitation Spectrum of a Bose-Einstein Condensate

J. Steinhauver, R. Ozeri, N. Katz, and N. Davidson

o(K)/2x (kHz)




Inhomogeneous BEC



A live condensate in the magnetic trap
(seen by dark-ground imaging)
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Lower Temperature
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Optical phase

z (um)

BEC peak Thermal wings,
— Temperature



Optical phase
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rms width of harmonic oscillator ground state 7 um
= (repulsive) interactions
= Interesting many-body physics
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Signatures of BEC: Anisotropic expansion
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Vortices
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Spinning a Bose-Einstein condensate

The rotating bucket experiment with a superfluid gas
100,000 thinner than air

Rotating
green laser beams

Two-component vortex
Boulder, 1999
Single-component vortices
Paris, 1999
Boulder, 2000
MIT 2001
Oxford 2001

J. Abo-Shaeer, C. Raman, J.M. Vogels,
W.Ketterle, Science, 4/20/2001



GPE for vortices

Order parameter

¢(x)=,(r ,z)explike]

GPE for modulus
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Hydrodynamics
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Collective excitations
(observed in ballistic expansion)

16 ms 23 mS

28 ms

41 ms 48 ms

A - ——— ol

Absorption 0%

I 100%

MIT, 1996




Shape oscillations

“Non-destructive” observation of a
time-dependent wave function

5 milliseconds per frame



m=0 quadrupole-type oscillation at 29 Hz

100 200
Time After Drive (ms)




Optical Lattices



Su(wrg(u,ié/ ‘o Tlot+ Tnsu [avor T‘rahﬂ*'u_'ok‘

O P*’\Ca._,\ (/0\.+*'t ce ( CUL,(N C,
V(x40 7 Vo (sidthe = Sintly «sinke)

QM tw gt* odie Po+eh+ als (LD)
\+ d ‘k v Vo Sin (DLV‘
Ltq X/ %
71‘11“ g

= C Uq (\c\ Bloct +heovew.
.

QAQ.Q MO Me v n



S(JLPC'(?(U“A/ +O ‘-1/0*'1' IV\_SL\[Q,*O( T\f‘ahs;"\"ﬁok‘

OP*\-CCQ,\ (’od”'H Ce CCUL,(M'C,)
Vix g Vo ( sicthx < Sia“ly + Sn ki)

QM tw Egn‘oclic Po‘l*etni-iais (LD)
K -3 Ot Vo st (vl

tq ¥/
Q\‘c‘lh > C 1 U‘q n (z\ Blocth +Hheovens |
L

7 N

Ruas: mmﬁfbﬁﬁ‘;‘f"é’w peviodec .
. L——\(‘—’——-‘ ouvier ex <
2ok ¢ ANSLOn

—\[ sitCha) = D Vir® T o L 20 R
V ~ v e ©
~( 3-\/( . '/51 ¢
V, =-v, /2 seve (nt -
° > / Tuseve nto H.’*qt“ 5 E““'quh



SULPC{?(UHA/ +O ‘.1/0*'1' IV\_SL\[Q,*O( T\f‘ahsﬁ'ﬁok‘

O ‘\'\Cq,\ (’O\,"l"*'\ Ce CCW(NC/
Vi 3.0 7 Vo (sidtha = Sintly « siake)

QM n P"-" ‘odic  poventials (D)
& === v Vo Sin (DLV‘

Lq X/ & |
q“‘im - e q%/ Uq (v Blocl +heoven
l

P
/ EOMAC‘/ q:vvéfe\( F?e Yoo ([/‘:C-”

QMQ,Q\' MOMme '{fu\h__, ~
r
- \4 '~ .,.."(‘u;‘ = ZV.,..?- Z an t.. 22 >

V..( "'v - \/./C'
= -V, /2 Tusevs (ato H.’* " ,\ q "
o %
2 q 9-9)\( [@*lgtk) )C ] O
e =0

Sex of UWnear equavions






Y

%
q

>3 |

e /= g@«r

L /

g ]\
2 _/\ E"*"l
\ ™

-"=> haem. Conf: ne menr
At eac\ (ghHcice Site

veaa,

@

il




' \ — —
-k tR
%
1 —n &
\...,-?—- > | +{3|-\,1— Gio\.JCns Cole E,.,—’ E__'__Q_/
Ev 2.
2 harm. counfe CCX R 1/2

AY eac\ (gHice Site =4 W, ;ZEP(Va/E,,)
loWese basd
S CC\\ = %—' 'h'\-v, - ‘Z-J (Cosqkq ~ c‘,g_gar‘}q « Cos q%q)
l Q = A .':LE.
J 1 b x band wide



\'\/CLVW\{ ev Fun v das Co \r*“\o-jo e bas; s SC*)
(ocolited

—-\(z/ ’
| <qQ X
’\,J“ ()(-’)(é) ::)\/ Se, %5 th‘“ ()()

NO¥rmaq -
gffg, (Cratiow



\\/CLvm{cr Fun et oas Cov*“so-jok..l bas; s Su-)
Lomhtcd

W, (x- )( N-«(,, 2 “q ¥ 5 (%)

NOrmq -
gti’t, CCratiow

o . .
J= G x-v) [ 25 0%« Vd] v, (x-x,)
\— +unne ‘tﬁ) Ffoa-\ -
Q\.i‘, % €o 9.

[

1%
J uun "":hﬁ e hev 94

J/k “'{'uuwuhb Yate



\f\/Omin{cvr Fun et oas Cov*‘koojo.m| bas; s .Su-)
(ocolited

..-\(z/ e .
W o) s N2 e g 1

Mhmqf
Cite Watiow

. . .
J= §wilxox) (22 95+ V] av, (x0%,)

\— +unne ‘;-\3 F.roa-\ R
St A to 0

) h*'khhc\:hs e hev 4
J/k “‘l'bw\u...l:v\.s Yate i " g/q |
) 2 Vo -

H L Lihtl;h. d W ¢S GQHSS&-\ (So (l-.:t':o-. ro..
o 3 ' :
H—D WA Ff't‘. V°)



Now : Tuteraceidns

Meown Ficld cutevactiony

09\ e I8, wﬂ(mcﬂ'uov\s )

- }g[’w Lk)] é/y =

U (x)- QIR S T

A4 o)

.-
Y

+\ -\'\t b ll'\&u-u\

12 ka, E H



I\,o\J - Twnteractidns

kq
Meow Field dutreractions U (x)- ét_ﬂ’m S 8 (x)

- _ ——
) *ev ot - 4
A —Side tevanctions
= g,g[:w Lk)] é/y -*r Jlag [_:;:)
J'“' B:h&.hj

Lo (s (ﬁ V() % (x)
A AP N CLAAR{QR (S



I\IO\J + Lwnteractidng
t\'c_
Lk Qg B

Meow Cicld cuvevactiony U (x1= =4
-
Y
09\ - tevanctions ﬂ/“
U g (fre)” &> ,r ha, & H
“"\J'\t blh&ha

ga e 1 () (2 4V ) 2 (x)
S L% 2t+(*\zt (x) Z(x) %(x)
\Vanaiey FU\V\CJ*‘COHS q—f()( > ZQ—L LJl (k-Xﬁ:

Assumer Only (owese band occupied

— + L -
’>H‘Fuu""' "ZJC;* Q"L £'§ N ‘{,2 uc,épu k. k*-'kﬁj,-
le £‘5'1.g— & 1



‘Ji.é - gi,, W (x- %) (-%:i + \/(\d) W, (x-—)r,é)

u\’éhi S 3, SJ_Y ‘L/L(-K'c] ‘L/(\C-')l',s\ ~/ (‘(‘Xk)w(("xn)

“)



Jié - gi,, wl(x-x‘-_] (-%:i + \/(\d) W, (x-—)r,é)

u"é’li S 3, SJ_Y ‘L/l.(-'(c] ‘L/(\C"X',s\ ~/ (\('Xk)‘u(r"&)

Hubbarl wmeodel
J g JLIA * O NedQvesv he;':‘\-\kovs

u= u&'ﬁu*o Fo\r .C,a;:Q:,-]L ot Ste

“)



JL@ - gi,, ’\ul(x-—K;_] (-?f_; + \/(kl) W, (k-»r,é)

u"é’li R 2, giw u((-’(c] ‘L./(\C"X',s‘ W/ (k-'xk)‘u(l(-')r,)

Hubbavl mo del
J = JLQ + O NedQvesv hefa‘v\‘xots

U Ueipeto Fovr £oj=h- o sike
i 4
Bo==) zfsb 152( *t-% if\p_(n‘-t\ -—}L\ZhL
9 2

VA
Neo vese v~
el ‘-\,(bf -*
2 — Gk,
ht S - ] laosws /g;g

Q(FS'- Z\ev ev, J. Oy R: @ {en df
< et Opr. B, 9 (2053)

qusd\t %Dllerl Awnnaly D€ f'»,s.'!lS,SL@poS\



Tw‘o (.Iwui*‘\‘-w) CaSes: i““\'tuu Fll\EuJ n
V>

Oylouvk state "L\’-‘.\IB (J‘;Olﬁ) =1T (h-;)ﬂ)



Tw‘o (.Iwui*‘\‘-w) CaSes: i""ﬂau Fll\EuJ n

> J

OXIDU\\»& state ‘z—this (“201?\) =11T (H;)Q)
J>»Y Cleal BEC, all Natows in 320 Rloch shie

. v
|5, > (U=0) = (JI"E QZ_@:) 10 M Sives



Two (';M;+C|~5 Ca Ses: i"\‘\'tau Filh'uj n
> d

oued state 2> (320,8) =T7 (18,

J>»Y Cleal REC, all Matows in g30 Rloch st
| g 8Y" |
P> (W) = (5 28) 105 1 s

NMo‘c 803&“@‘0\' priﬂ('th«"‘s'% Q.,\"ao*‘:m
éogs nwot Coptuve +he traunsition ‘o ihsulo.:i-iuj Stave

iv\"hzrq.c*COhs Qve +rered Dl-\lxl Q('pr&w(mqﬁe(\,
Valil ouly €or Swmall degpletion p-N,



f:fo ((:;W\-;""\:h} Ca Sey. iW\'Cau Filh'uj n
S>>
%400\\»& SYtate \%HIS (J"'O.ﬁ) =Y(lﬁ>2)

J>»Y Cleal REC, all Matows in g30 Rloch st
| g 8Y" |
P> (W) = (5 28) 105 1 s

NMo‘c 803&“@‘0\' priﬂ('th«"‘s'% Q.,\"ao*‘:m
éogs nwot Coptuve +he traunsition ‘o ihsulo.:i-iuj Stave

iv\"hzrq.c*COhs Qve +rered Dl-\lxl Q('pr&w(mqﬁe(\,
Valil ouly €or Swmall degpletion p-N,

Coal: Tl effective Ohsite Hamil¥onian by Wean- Feld

: w O raten, S+
ACCO l-lP\ o Va sten, Van der St ( S oaof'ssggcﬁ é:o‘ff';%l

A R =Q~’A>*‘AR\(<R>t A&)u <AS 1}§+A‘&<@>+ CASBY
= LAS B + ARy —<AXES



: + ¥
COUP‘,EM-) [)Q.*‘VC-(I-\ sives *‘A“'\C\lh‘) J ﬁfp_ &Q'

L’: Q‘Q‘3<Qr:> lfb\ € k:élrﬁ\\_ <‘T:><£‘gt>



Coupliu.5 berween sives: YTuwnelin, Jﬂsfﬂ*lu

by B ¥ BYS sy € kg LhS = K S
" U %
SF ovdes far@mete ’24:.\?; ’<15‘,:> “d ﬁ\,_&



Coupliuj berween sives: YTuwnelin, Jﬂr;ﬂ]z_:

&

Sy o 2 <lyS by € Ky Lh,S = KBS ChyS
" U %"

SF ovdes paramerer %=lnpg = f'> <2 4 S

< ﬁ:OG Neavres< neiﬂb\‘:ovs

Hm :-2..)%;(!{* b,)-t-% dh‘:};‘}f %an_(n[l)
Sitey __]u\ Z“&



Coupliu3 berween sives: YTuwnelin, Jﬂr;ﬁh:

&

k’n, an:$’<qr:) 15‘2: € L’:ébgt\_<":>(£lt>
" U %"

ST ovde Poramete, zf'-‘-r';,‘g - k;) e f,"»

< # ofF neavres+ ne.(gl«\‘mvg

- - = u |
ey = EJ%;(LLtb,_)-rz dgg% - —?:an_(n,_-\)
ttey ____lv\ Z“L
Hq":- ) Zu‘%l U=Uu/2) F:/A/%J
Muge = 3 Une(ne D —Fng ~2 [ hfa )+ 2"



Coupliu3 berween sives: YTuwnelin, Jﬂrfﬂ\zc

k’: an:$’<qr:) 15‘2: € L’:ébgt\_<b’:>(£‘lt>
" U %"
ST ovde Por@mete, zf'-"-r';,‘g ’<15';> e I’L»
T #of nearesr neighboysg .
- + %
ey = QJ%Z@'L*I&)"'% dgﬁ? - -?:Zn,,_(n,_-\)
e) ___lv\ Z“L
bog= 29D oy, G=U/z) F=p/ey
R = 7 Uhe(ng D) —fang =2 &)« k) + %"
= WY g B (WAEER V‘-’“(Q’:ffsx.)
[—\(o\ = -ki.a' (,\(R-l) —Fc\ 'l"z'tb c:l:aqoha,l tn If\



()

4+
. ). Fp( l_— | OCCK)\,()C&CO%'Q
AYouwd | ‘(—Fcué‘ %
.._(’3'\ i -
A o (%
¢ Eso\riu /
> Ej



()

. = /‘* C AV’ \i':(""‘\ -L-'(:
’ 6:; ._C..i“\,,_g \ L
L} ‘ /A . Q’ (
‘ - —
’9 -

=t |
V\ —
Couples A

AV

+L~cov7
%, Ot~

da (e Tuv b

d ov

Cecon

lh)’
< AlV
(7.\ _ 2t Z

(0)
(o] _ &

n'-’l'/a -
3 =
S R




Cliose tvans; +.oa

Loanwdaw fFormalism:

E‘}(lt) > Q.+ a, % ¢ (%)

€ L. >0 See Le¥h ovdar
4 (-"erh.qu.*-(o-a ‘1J-\c.cn~,

Ctz)o

7 %
‘Zt? =D
a, <0 \71_\// 5
"e} + 0

Chase traunsition Fov [Qlc O)




Cliose tvans; +.oa

Loan daw. Formalism:

By () > ap + a, %" ¢ s(2")
L. >0, sec 4¥h ondar

E} pertvbation '(—l.coh.'
Q,>0 » 3
7—(-%’ =D
Q,<0 / —~.
% *0
f'wase. trauns tion Fov [Qz_:o)
qzc‘-‘-é. -+ = |
Wigh-pr Ry
Fo s e [R@24+0 -0 3 [W-2RE@ge0 +










BEC in 3D optical lattice

Courtesy Markus Greiner



The Superfluid-Mott Insulator transition

Shallow Lattices - Superfluid Deep Lattices — Mott Insulator

/| <

Energy offset due to external
harmonic confinement. Not in
condensed matter systems.

. 1 \
H = Z&IRT_FZﬁ@ﬁf{ﬁi_1:|+Z';F°_f‘-";'”*'
i i

tunneling term between on-site interaction
neighboring sites

2
4 Vo 3/4 A 1/2 U :(472% ajJ‘W(X)‘ldBX
J = —Er(—) exp 2(—) m
T E, E,

o o o o @ o
'v-dH‘H P

a = s-wave scattering length

Other exp: Mainz, Zurich, NIST Gaithersburg, Innsbruck, MPQ and others



The Superfluid-Mott Insulator transition

Shallow Lattices - Superfluid




The Superfluid-Mott Insulator transition

Deep Lattices — Mott Insulator
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As the lattice depth is increased, J decreases
exponentially, and U increases. For J/U<<1,

number fluctuations are suppressed, and the
atoms are localized



Nanokelvin atoms are a new toolbox to
address fundamental questions of many-body
physics

Quantum simulations of strongly correlated,
strongly interacting systems



